In this work, an efficient modification of the homotopy analysis method by using optimal Newton interpolation polynomials is given for the approximate solutions of the Riccati differential equations. This presented method can be applied to linear and nonlinear models. Examples show that the method is effective.
Introduction
Riccati differential equations are a class of nonlinear differential equations of much importance, and play a significant role in many fields of applied science [1] . The Riccati differential equation is named after the Italian nobleman Count Jacopo Francesco Riccati (1676-1754). The applications of this equation may be found not only in random processes, optimal control, and diffusion problems [2] but also in stochastic realization theory, optimal control, robust stabilization, network synthesis and financial mathematics. Solitary wave solutions of a nonlinear partial differential equation can be expressed as a polynomial in two elementary functions satisfying a projective Riccati equation [3] . Therefore, one has to go for numerical techniques or approximate approaches for getting its solution. Recently various iterative methods are employed for the numerical and analytical solution of functional equations such as Adomian's decomposition method (ADM) [4, 5] , homotopy analysis method (HAM) [6] , homotopy perturbation method (HPM) [7] , variational iteration method (VIM) [8] , and differential transform method (DTM) [9] . In [10] , Liao has shown that HPM equations are equivalent to HAM equations when ћ= -1, and too, matrix differential transform method for solving of Riccati types matrix differential equations [11] . In this work, we introduce a new modification the HPM using optimal Newton interpolation polynomials. The schemes are tested for some examples. This study is organized as follows: In section 2, we present the standard HAM. In section 3, we present the modification technique of HAM. In section 4, the method is applied to a variety of examples to show efficiency and simplicity of the method.
Basic ideas of HAM
For the convenience of the reader, we will first present a brief account of HAM [12] . Let us consider the following differential equation
where N is a nonlinear operator, u(x, t) is an unknown function, and x and t denote spatial and temporal independent variables. By means of homotopy analysis method, we first construct the so-called zerothorder deformation equation
where p ϵ [0; 1] is the embedding parameter, ћ is a non-zero auxiliary parameter, L is an auxiliary linear operator, u0(x; t) is an initial guess of u(x, t) and φ(x, t; p) is a unknown function. Obviously, when p = 0 and p = 1, it holds ( , ; 0) = 0 ( , ), ( , ; 1) = ( , ),
Thus, as p increases from 0 to 1, the solution φ(x, t; p) varies from the initial guess u0(x; t) to the exact solution u(x, t). Expanding φ(x, t; p) in Taylor series with respect to p, we have
Where
If the auxiliary linear operator, the initial guess, the auxiliary parameter ћ, and the auxiliary function are properly chosen, series 4 converges at p = 1, then we have
which must be one of solutions of original nonlinear equations. According to definition (6), the governing equation can be deduced from the zero-order deformation (4) . Define the vector
Differentiating (4) m-times with respect to the embedding parameter p and then setting p = 0 and finally dividing them by m!, we have the so-called mth-order deformation equation
where
Modified homotopy analysis method
For MHAM consider the following general nonlinear differential equation;
where A is a general differential operator, f(x) is a known analytic function. In this study, alternatively, f(x) is approximated by optimal Newton interpolation, Pf(x) over the interval 
Numerical Examples
In this section, we demonstrate the effectiveness of the proposed modification of the HAM by applying it to two nonlinear and one linear problems. For each example, the M-term approximation of u(x) and the exact solution is presented. Moreover, all numerical results obtained by the modification of the HAM using optimal Newton interpolation polynomial, uM, are compared with the exact solutions. The algorithm are performed by Matlab version 7.6.0.324 (R2008a) with 10 digits precision. (12) by HAM, we construct the following homotopy:
Assume the solution of (12) to be in form:
Substituting (15) into (13) 
The given initial value admits the use of 0 ( ) = 1. To solve the above equations, we use the optimal Newton interpolation polynomial of f. For this reason, by setting ϑ = 10, the optimal Newton interpolation polynomial of f becomes, 
It denotes the M-term approximation of the exact solution u(x) which is obtained using optimal Newton interpolation of f. In Table 1 , we give the numerical results of the exact solutions and the approximate solutions obtained by the present method with ћ=-0.5, M = 10 and ϑ=10 in the interval 0 ≤ x ≤ 1. The absolute errors for this solution are shown in Table 2 . The graphs of approximated trajectory and exact trajectory are plotted in Figure 1 . 
subject to the initial condition u(0) = 1 and the exact solution u(x) =1/(1+x). To solve (18) by HAM, we construct a homotopy:
Assume the solution of (18) to be in form:
using the optimal Newton interpolation polynomial of f, we have 
It denotes the M-term approximation of the exact solution u(x) which is obtained using optimal Newton interpolation of f. In Table 3 , we give the numerical results of the exact solutions and the approximate solutions obtained by the present method with ћ = -1, M = 10 and ϑ = 10 in the interval 0 ≤ x ≤ 1. The absolute errors for this solution are shown in Table 4 . The graphs of approximated trajectory and exact trajectory are plotted in Figure 2 . 
Conclusion
A simple and effective algorithm based on optimal Newton interpolation polynomial is presented which is stated for solving quadratic Riccati differential equation. The method is computationally attractive, and some examples are solved.
